In this work we study the behaviour of compact, smooth, orientable, spacelike hypersurfaces without boundary, which are immersed in cosmological spacetimes and move under the inverse mean curvature flow. We prove longtime existence and regularity of a solution to the corresponding nonlinear parabolic system of partial differential equations.
Introduction
A cosmological spacetime is a time-oriented connected Lorentzian manifold "V containing a global Cauchy surface, thus we can write "V = S" x / with E" being a Cauchy surface. In [8] Gerhardt obtained general existence and regularity results for prescribed mean curvature surfaces in cosmological spacetimes (in [1] Bartnik settled the corresponding problem for asymptotically flat spacetimes). In particular it was proved that in cosmological spacetimes which satisfy the timelike convergence condition and admit a big bang and a big crunch (this means suitable barriers in the future and past are known) there exists a foliation of "V by hypersurfaces of constant mean curvature. Ecker and Huisken [6] studied the corresponding mean curvature flow and constructed hypersurfaces of prescribed mean curvature J? in cosmological spacetimes satisfying the timelike convergence condition as an asymptotic limit of the geometric evolution equation d/dsF = (H -Jf?)v. So they gave an alternative proof for the existence of maximal and constant mean curvature surfaces. However they needed as well the assumption of future and past barriers.
In this paper we want to construct a foliation of the past of a spacelike hypersurface with strict positive mean curvature in a cosmological spacetime. For that purpose we look at the geometric evolution equation which deforms a given hypersurface in direction of its past directed unit normal where the speed at each point is determined by the inverse of the mean curvature at this point. The solution of the corresponding fully nonlinear parabolic system gives a foliation of the past of a spacelike hypersurface with strict positive mean curvature since the positivity of the mean curvature is preserved.
To be more precise let M o be a smooth, orientable, compact, spacelike hypersurface without boundary in a cosmological spacetime "Y with strictly positive mean curvature given by an immersion
Then we solve the evolution equation
where v(p, s) denotes the future directed unit normal to
and H > 0 is the mean curvature on M s .
Since y is a cosmological spacetime a spacelike hypersurface can be written as the graph of a real valued function u over some fixed Cauchy surface E" and the fully nonlinear parabolic system (1) can be rewritten as a fully nonlinear equation for u. To derive longtime existence for (1) it is therefore necessary to develop a priori estimates on the height, the slope and the curvature. The a priori estimate for the slope is proved with methods related to that in [1] and [6] , while the one for the curvature is proved by using a maximum principle for bilinear forms due to Hamilton [10] .
This gives existence and therefore a foliation as long as the flow stays in a smooth compact region of the cosmological spacetime V. Existence for all time follows then from an a priori estimate on the height u. To prove such an a priori estimate we make a natural regularity assumption (Section 5, Equation (5)) on the reference slicing, which is for example always satisfied in a Friedmann model (see the last section).
The evolution of hypersurfaces by mean curvature has been extensively studied in Riemannian ambient spaces. In [14, 15] Huisken looked at the so-called mean curvature flow: d/dsF = -Hv. This flow contracts compact initial surfaces and develops singularities as the flow decreases area (like the flow in the equation above). In the case of spacelike hypersurfaces in Lorentzian manifolds the mean curvature flow [6] increases rather than decreases area which leads to a more regular behaviour.
The flow along the inverse of the mean curvature in a Riemannian manifold plays an important role in the proof of the Penrose Inequality [17] . For this flow Gerhardt [3] Contracting spacelike hypersurfaces 287 [9] and Urbas [23] proved independently longtime existence and convergence to an expanding round sphere if the initial surface is a compact star-shaped C 2 -a hypersurface inR\ After fixing notation and recalling some fundamentals in Section 2, we calculate the relevant evolution equations in Section 3 before we obtain the crucial a priori estimates in Section 4. The main results, longtime existence and existence for all time including the necessary height bound, are then proved in Section 5. In Section 6 we consider the case where the cosmological spacetime is a Robertson-Walker spacetime. We show, in particular, that assumption above is always satisfied in the Friedman model, a model for 'dust'.
The author wishes to thank Gerhard Huisken for his advice and encouragement while this work was undertaken.
Preliminaries
We consider "V to be an (n 4-l)-dimensional smooth spacetime with a Lorentzian metric ~g = [g~a fl } with signature (-,+,+,... , +). The canonical connection is denoted by V, the metric pairing by (•, •) and the curvature tensor by Rm = {R a pys}. Greek indices range from 0 to n. As in [1] we shall assume the existence of a global time function t € C°°(y) with nonzero, past-directed timelike vector field Vr. The reference slices S* t := {p e "V \ t{p) = t} have future-directed unit normal vector
where the lapse function rj/ e C°°(y) is defined by An adapted orthonormal frame on «?", will be denoted by e 0 , e x ,..., e n such that eo = T. This adapted orthonormal frame defines a positive-definite norm || • || on tensors on "P, see [1] for more details.
Let M be a smooth spacelike hypersurface in y, which is embedded by some map
Let v be the future directed timelike unit normal and choose locally an adapted orthonormal frame r 0 , Ti,..., x n in "V such that restricted to M we have r 0 = v. We will denote by g = [gy} and Rm = {/?y«} the induced metric and the Riemann curvature tensor on M respectively, where Latin indices run from 1 to n. The covariant derivative on M will be denoted by V and the Laplace-Beltrami operator by A. The second fundamental form A = {hy} on M is given by use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700001385
As in [6, 14] we sum over repeated indices
The curvature, Ricci curvature Ric = {/?,,} and the scalar curvature R on M are given by the Gauss' equation
The Codazzi equations state that:
We have the following rule for changing covariant derivatives:
From these equations we can get the following fundamental identity, see for example [3, 20, 22] . [5]
Contracting spacelike hypersurfaces 289 for all 0 < a, p < n. This gives an estimate for the restriction of any p-tensor B e T"(-r)onM
For a tensor B we denote by ||fi||/,c the C'-norm of B in the domain G C.Y. For the convenience of the reader let us recall the first variation formula for H (see [1, 4, 7] ) with respect to a deformation of the surrounding space generated by an arbitrary transverse vector field X
in terms of the Killing tensor 3f T g(X, Y) = (V X T, Y) + (V Y T, X), T(H T ) -^v^Tg){e h e t ) -(V e ,^Tg)(v, e t ) -^H^Tg(v, v)

Evolution equations
Starting from the evolution equation
we derive evolution equations for the height, the gradient, the curvature and other relevant quantities on M s . Proceeding exactly as in [14] , we first compute the derivative of the metric g, volume element /z and the unit normal v on M LEMMA 3.1. We have the equations
We now notice that
Ts u
Michael Holder [6] and ) + such that from (2) and (4) we obtain LEMMA 3.2.
Finally we derive the evolution equation for the second fundamental form.
We have the equations
PROOF. Like in [15] we get j $ h = V,V y ^-1^ -1 (A,,^ +^,oo ; ) • and with Lemma 2.1, (i) follows. The second identity is an immediate consequence of (4) and can also be derived by taking the trace of (i).
•
A priori estimates
In this and in the following section we assume that "V is a cosmological spacetime, thus it is connected, globally hyperbolic and admits a compact Cauchy surface (thus V = E x /). This implies, in particular, the existence of a global time function t € C°(¥) as in Section 2. Moreover, we assume that the timelike convergence condition is satisfied, thus Ric(X, X) > 0 use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700001385 [7] Contracting spacelike hypersurfaces 291 holds for all timelike vector fields X. The timelike convergence condition is only needed for the lower bound on the mean curvature. Now we prove the a priori estimates, which are necessary for the proof of Theorem 5.1, the main result. With Lemma 4.1 we get a lower a priori bound on the mean curvature H which implies an upper bound on the height function u. Then we get the crucial a priori bound on the gradient function v. To prove this estimate we proceed in the same way as Bartnik did in [1, Theorem 3.1]. Using the derived a priori estimates we get an upper a priori estimate on the mean curvature H and, using a maximum principle for bilinear forms as Hamilton formulated it in [10] , an a priori bound for the full second fundamental form. So we have, as long as the flow stays in a smooth region of ¥ where t is bounded, a a priori C 2 bound for the height function u which combined with estimates due to Krylov yields to an a priori C 1 -" bound of u and thus to full regularity.
LEMMA 4.1. Let g = g(t, y) be a smooth function with ( e l j e l l * . Let f(t) = inf{g(t,y):y€ Y], where Y is a compact set. Then f (t) is Lipschitz and with Y(t) = {y.g(t,y)= f(t)}.
For a proof see [11] . From now on let M s be a smooth solution of (1) on the interval 0 < s < s 0 , such that M s is contained in a smooth compact subset G C ¥ for all 0 < s < s 0 
(\\J? T gh, G , \\Th, G , n).
Here we also use (3) (v, v) ).
In [10, Theorem 9.1] a maximum principle for such an evolution equation was proved under the assumption that the absolute term Ny is a polynomial of My and gy. Since Rm is smooth and H is bounded, it is easy to see that the argument is valid in our case as well. We have then only to consider the first time s 0 , where at some point p € Afj,, a zero eigenvector v = {u,} of My occurs, and Proposition 4.6 is proved if we can show that Ny D V is non-negative. For that purpose we choose an orthonormal basis ( g i , . . . , e n ) for TpM^ such that hy (and thus My) becomes diagonal. Let us assume that v = e t and that X u • • •, K are the eigenvalues of hy at p. Then from Mu = 0 it follows that X t = C o at p and we obtain 
Longtime existence
With the help of the a priori estimates derived in the last section, we now obtain the main longtime existence result. PROOF. It is easy to see that for short times the nonlinear system (1) reduces to a nonlinear scalar equation in u which is strictly parabolic (see [5] ). Then, if the initial surface M o is smooth, short time existence of a unique smooth solution of (1) follows from standard parabolic theory, see for example [12] . Now let s 0 be the maximal time of existence. Since by assumption M s stays in a compact smooth region of ¥ and therefore u is uniformly bounded, we infer from the last section that M s converges to a smooth surface M So as s -> s 0 . Thus the solution M s can be extended beyond s 0 by means of the local existence result.
• To prove existence for all times we need an a priori estimate on the height function u which can only be derived by an regularity assumption on the reference slicing. For simplicity assume that the 'big bang' is at f = 0. DEFINITION 5.1. We will call a spacetime'slicing-naturaV if this spacetime satisfies
7T-< t < -.
Here Hy t , \Ay t | 2 and T are the mean curvature, total curvature and unit normal of the reference slices y,.
Note that the first equation ensures that the lapse function is bounded from above and below which could be alternatively assumed. • use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700001385 [15] Contracting spacelike hypersurfaces 299
In the case (a) we get 3ft If = 2 so that (6) is true with 8 = C = 2. For 03) we get 3/'(« o )«o//("p) < 3ft If < 2 where u 0 = min Mo u. This gives us 5 = 3 / («o)'«o// («o) and C -2. When it = -1 we get 2 < 3ft/f < 3 so that the constants for (y) are £ = 2 and C = 3.
• REMARK 6.1. The qualitative behaviour near the singularity of (a), (ft) and (y) is the same (see for example [13] ).
From the above two propositions follows the existence for all times, which we formulate in the following theorem. PROOF. This result follows direct from the above propositions.
